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Generation of Launch Vehicle Abort Trajectories
Using a Hybrid Optimization Method

Anthony J. Calise* and Nico Brandt"
Georgia Institute of Technology, Atlanta, Georgia 30332-0150

Modifications and extensions to a recently developed hybrid numerical-analytical method for optimization of
future launch vehicles are presented, to allow for the real time generation of abort trajectories. A set of terminal
constraints is formulated that targets an entry condition for the abort case and allows the vehicle to attach tangen-
tially to a nominal entry path. The trajectories are optimal in the sense of maximizing terminal energy. In addition,
the algorithm has been extended to include path constraints on both angle of attack and ¢ - . A second issue
addressed concerns the possibility of singular arcs, both for nominal ascent and aborts. It is proven that such arcs
are not feasible, both within the atmosphere and in vacuum, when the control variables consist of body attitude
and throttle. Finally, numerical results for different abort scenarios using a single-stage vehicle model illustrate
both the capabilities and some of the deficiencies of the approach.

Nomenclature

aerodynamic force in axial direction
nozzle exit area

maximum axial acceleration

constraint vector

nozzle exit velocity

Hamiltonian

constant factor

thrust independent part of Hamiltonian
Mach number

mass

aerodynamic force in normal direction
velocity costate vector; primer vector
atmospheric pressure

collocation variables for velocity state
position costate vector

dynamic pressure

collocation variables for position costate
collocation variables for velocity costate
radius vector from Earth center

Earth radius

switching function

thrust

vacuum thrust

inertial velocity vector

angle of attack

flight-path angle

angle between primer and body axis
constraint multiplier vector

vector normal to final orbit plane

= downrange angle to terminal area energy
management (TAEM) point

mass costate
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gravitational constant

transversality multiplier

angle between primer and relative velocity
terminal constraint

Schuler frequency

unit vectors along body axis, from Earth center to
TAEM point, and perpendicular to body axis

unit vectors along primer vector, along radius
vector, and along velocity vector
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Introduction

ELIABLE and affordable access to space, along with a global

engagement capability, are now recognized as critical require-
ments of the U.S. Air Force in the twenty-first century. NASA sim-
ilarly has established aggressive goals for reduction in both the cost
of operations and turnaround time of future reusable launch ve-
hicles and seeks to obtain greatly enhanced safety in operations.
Autonomous guidance and control technologies are recognized as
critical to the objective of achieving reliable, low-cost, aircraftlike
operations into space. Specifically, next-generation systems must be
able to fly a variety of vehicle types in multiple mission scenarios,
as well as handle dispersions, failures, and abort requirements in a
robust fashion.!

This paper is concerned with the modifications and extensions
to a recently developed hybrid method for launch vehicle trajectory
optimization,>~* to allow for the real time generation of abort trajec-
tories. There exist a variety of highly developed trajectory optimiza-
tion codes that use either direct or indirect methods for optimization.
However, all of these codes require a reasonably good starting guess
for convergence, and most are not suitable for real time guidance
application, although a recent example may be an exception.’ The
hybrid method is an attempt to combine analytic and numerical
methods to improve the overall solution process in terms of compu-
tation effort and reduced sensitivity to an initial guess. The solution
process uses an iterative method, which starts from a vacuum solu-
tion, and gradually introduces atmospheric effects until a converged
solution is obtained. The main advantage of the hybrid approach
is that both the trajectory solution and the Jacobian needed for the
Newton iteration are nearly analytic. The nonintegrable portions of
the equations are treated using the method of collocation. Thus, the
analytic portion of the solution becomes the interpolating function
used in the collocation solution. Once an atmospheric solution is
obtained, updating the solution along the nominal ascent path can
be done very quickly using a modern processor. Here we examine
use of the hybrid method to generate rapidly an abort trajectory
when a failure has occurred; however, the abort formulation is use-
ful for any other method of optimization as well. It is assumed that
the nature of the failure is known. We envision that the formulation
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can be employed as a follow-up to a method of adaptive guidance
for continuing the ascent path before determining the nature of the
failure.® The focus of this paper is on the formulation of a suitable
terminal constraint set defining the entry conditions for the abort
case, which is the main extension over previous work>* that did not
consider aborts. For this class of problems, it is necessary to account
for aerodynamic forces during coast arcs. We do this by treating a
coast arc as a zero thrust boost arc with all of the aerodynamic ef-
fects accounted for, which is in contrast to previous work>* where
coast arcs are treated as purely exoatmospheric arcs. Furthermore,
path constraints on both «, g - o, and N(«) are modeled, whereas
earlier work>* only considered constraints on & and N(«). We also
introduce the notion of a g-dependent « constraint to permit greater
flexibility in propulsive maneuvering when the dynamic pressure is
extremely low. Numerical results for different abort scenarios are
presented, and deficiencies with the present approach are discussed.
Numerical results are obtained using a vehicle configuration based
on X-33 aerodynamic and model data, scaled to represent a larger
vehicle capable of attaining a low Earth orbit.

The behavior of the so-called switching function suggests that
for single stage (and very likely for two-stage vehicles) the use
maximum thrust all along the trajectory is not optimal, even for
nominal ascents, giving rise to the issue of the potential optimality
of singular arcs. Singular arcs are known to exist in vacuum for
two- and three-dimensional rocket trajectories in an inverse-square
law gravitational field. These intermediate thrust arcs occur in free-
time problems, where there is no upper limit on thrust. The two-
dimensional solution is known as Lawden’s spiral, due to the form
of the trajectory around the center of attraction. Their existence
is proven,” and numerical solutions containing singular arcs have
been presented.® However, it has been shown that these solutions
are nonoptimal.>'® Here we provide a proof that such arcs are not
feasible (do not satisfy first-order necessary conditions) both within
the atmosphere and in vacuum, when the control variables consist
of body attitude and throttle. We further show that throttling using
bang-bang control can significantly reduce fuel consumption for
single-stage vehicles.

Problem Formulation

The abort guidance problem addressed here is defined for the
time period starting at the point where a failure has been identified
and assessed and ending where the vehicle reaches an atmospheric
entry condition. It is assumed that, at the entry interface, guidance is
handed over to a separate algorithm that defines the vehicle trajec-
tory from the entry point to the terminal area energy management
(TAEM) point. The total abort maneuver consists of a boost phase
and a coast phase, which terminates where it attaches to a nomi-
nal entry trajectory. The terminal constraints are written so that the
coast trajectory is tangential to the nominal entry trajectory at the
attachment point. The duration of the coast phase depends on the
location of the TAEM point. Figure 1 shows a typical boost—coast
abort trajectory to a downrange TAEM point located sufficiently
close to the launch site. Multiple skipping maneuvers occur during
the coast phase when the TAEM point is selected far from the launch
site, the extreme case being a once-around abort. It is assumed that
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Fig. 1 Abort maneuver and nominal ascent.

final mass is prescribed, so that the final time of the boost phase
is determined by the consumption rate of the fuel, which may in-
clude any intentional (or accidental) fuel dumping. For example, if
the abort is a result of a pump failure (which is the primary failure
considered here), then the boost time will depend on the nature of
the failure. In any case, the failure, and its effect on thrust and mass
flow, are assumed to be known.

State Equations

During burn arcs, the equations of motion for flight in a central
gravitational field, expressed in an inertial, Earth-centered coordi-
nate frame are as follows:

V _w2R+Tvac/m '1P +Pv(f)
R|= 14 (eY)
m _Tvac/ce

where T, is related to T by T =T,,c — A.p,(R) and w is the so-
called Schuler frequency defined as

w=\/u/r )

In this paper, Earth radius is used as the reference radius magnitude
T'wef- The vector py (¢) can be expressed as

Pv(f) = l/m . {Tvac (1, —1p) —[A+ Aepa(R)] 1, +N - ln}

+R - (@ — /IR ©)
This vector contains all of the nonlinear aerodynamic effects. These
are treated numerically in the hybrid optimization process, using
a collocation method. Equations (1-3) can be nondimensionalized.
This amounts to letting = 1, with the form of the equations re-
maining otherwise the same.? Herein after, all equations will be
presented in this nondimensional form (unless otherwise noted),
but all numerical results will be presented in dimensional form.

A vacuum solution where the collocation variables are set to zero
is generated first.> Note from the first element of Eq. (1) that the
vacuum solution uses a linear gravity law, which is later corrected
by the last term in Eq. (3). It also uses the vacuum optimality condi-
tion, 1p,, =1,, whereas 1p in Eq. (3) corresponds to using the full
optimality condition (including aerodynamic terms). These approx-
imations permit a nearly analytic solution for the state and costate
variables associated within the vacuum solution,>!" which in turn
allows a nearly analytic Jacobian calculation as well. In a fixed-
time formulation, the optimization problem is reduced to solving
a set of six nonlinear algebraic equations, which represent a two-
point boundary-value problem. The unknowns are the initial posi-
tion costate and velocity costate values. These are determined so
that the constraints and transversality conditions at the final time
are met. The collocation variables in Eq. (3), together with those
associated with the costate variables (discussed next section), are
initially evaluated along the vacuum solution and are introduced in
a fixed-point iterative method as an additional forcing term to the
solution process. This will of course change the trajectory profile,
and so the two-point boundary-value solution is repeated, and the
collocation variables are recomputed until the process converges.>>

Coast arcs to be optimized are assumed to occur inside the at-
mosphere, using the same analytic setup as for burn arcs. Thus,
when terminating the abort on a coast arc inside the atmosphere, the
aerodynamic effects are accounted for. In an abort maneuver, coast
arcs are needed at the end of the trajectory to reach distant TAEM
points. However, for abort maneuvers, the endpoint may lie well
within the atmosphere. Therefore, the aerodynamic terms may not
be negligible for abort trajectories. Because all aerodynamic effects
are accounted for on boost arcs, the simplest approach is to treat a
coast arc as a zero thrust boost stage. Therefore, boost stages with
zero thrust are referred to as atmospheric coast stages, to differenti-
ate them from coast arcs that are treated as purely exoatmospheric
arcs.>* If the abort ends on an atmospheric coast stage, final time is
determined by enforcing the condition that the Hamiltonian is zero
at the final time.
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Hamiltonian and Costate Propagation
The Hamiltonian of the system given in Eq. (1) can be expressed
in the form

H = Hy + Hymos + STC(Vy R, d) (4)
where

HO :PT . [—w2R+Tvac/WZ' lp] +QT 'V_)"m : Tvac/Ce

Hymos = PT - py (1) S)

The differential equations for the costates along unconstrained arcs
can be written in the following form:

P=-0+qv), 0 =0w’P—qr(1) (6a)
where
(l’) _ 8Halmos (t) _ 8Halmos (6b)
Wi ="y Ix\D="3R

Performance Index and Terminal Constraints
The objective is to maximize the final velocity magnitude. The
performance index is

J=k- V() @)

Because final mass is fixed, maximizing the performance in Eq. (7)
is equivalent to maximizing the kinetic energy at the end of the abort
trajectory ascent. Maximizing terminal velocity can be justified by
the operational philosophy that it will maximize the amount of time
available for assessing the situation before committing to a course
of action. For example, if the attainable velocity for a given landing
site (TAEM point) is too high, then one can either delay initiation of
the abort maneuver, or dump fuel without burning it. If the attainable
velocity is too low, then that landing site can be safely eliminated
as an option.

Formulating the terminal constraints for the abort guidance prob-
lem is prescribed by the problem of transitioning to entry guidance.
There is a good deal of flexibility in defining the entry condition in
the abort case with respect to altitude, energy, heading, and position
relative to the TAEM point, which in general is referred to as the
entry basket. To better address the transition to entry guidance, it is
desirable to leave radius and range to the TAEM point open and ob-
tain them as solutions of the optimization process. To achieve this
goal, a relation between radius, velocity, and range (longitudinal
distance to TAEM point) along the nominal entry path is required.
This relation was found by plotting radius and velocity range to the
TAEM point for a nominal entry trajectory produced by an entry
guidance law.'?

These plots reveal that along the nominal entry path, radius, and
velocity are nearly linear functions of range to the TAEM point, at
least over the range of altitudes for which entry guidance is oper-
ating. The relation between radius, velocity, and range (represented
in terms of the downrange angle 6 to the TAEM point) is

IR| = KrOR. + |Rq|

Kg =7.5298 x 1073, IRy| = 2.1013 x 10" ft

IVl = KyOR. + |Vol

Ky =1.0219 x 107371, [Vo| = 2.6965 x 107 ft/s  (8)
where Ky and Ky represent the slope of the linear approximation
and |Ry| and |Vj| are the TAEM values. The relation range = R,6
is used to simplify the process of calculating the gradients of the
terminal constraints used in the buildup of the Jacobian in the hybrid
algorithm.?

A reasonable set of entry conditions attaching to a nominal entry
trajectory is defined by the following conditions:

1) The abort ascent trajectory is tangential to the entry trajectory.

Fig. 2 Terminal constraint R
vector definitions.

2) A unit vector, 1,, from the Earth center to the TAEM point of
the landing site lies in the vehicle’s orbit plane as defined by the end
of the abort trajectory.

3) The vehicle is flying toward the landing site (not away from it)
at the entry interface.

To address the afore-mentioned conditions, the terminal con-
straints are formulated as follows:

V1= |R| — [Ro| — (Kr/Kv)(IVI = Vo) =0
Ya = (L x 1) [(Lg x 1y)/[14 x 1y[] +sin6 = 0

Ys=131y+C =0, Yy=V'n=0 ©

where

0 =|V|—|Vol/KvR.,

Ci=Ke/y/1+K: (10)

To obtain the first constraint in Eq. (9), the second expression in
Eq. (8) was used to eliminate 6 in the first expression in Eq. (8).
The second constraint in Eq. (9) ensures that both the constraint
on longitudinal distance is met and that condition 3 is satisfied.
Note that the vehicle is flying toward the landing site if and only if
1, x 1y points in a direction opposite to that of 1, x 1x. The third
constraint, on flight-path angle y, ensures that the vehicle attaches
tangential to the entry guidance trajectory, thereby satisfying con-
dition 1. Consequently, the constraint is matched to the altitude and
range constraint equations in Eq. (8). This is accomplished by us-
ing that altitude, velocity, and range are linked in the vertical plane,
which leads to the expression Kz = tan y. The fourth constraint is
used to satisfy condition 2, and when it is satisfied, then 7 is per-
pendicular to the final orbit plane. See Fig. 2 for a definition of the
vectors and their relations.

When the second constraint in Eq. (9) is written, it is assumed that
the fourth terminal constraint is simultaneously satisfied. Therefore,
these expressions differ from the actual constraints during the solu-
tion process and are equivalent to the actual constraints only at the
solution point. These simplifications lead to a significant reduction
in complexity when deriving the transversality expressions, which
involve differentiation of the terminal constraints with respect to
the state variables and elimination of the undetermined multipliers
associated with each terminal constraint. Moreover, a second differ-
entiation is needed to obtain the expressions necessary to calculate
the Jacobian when a Newton method is employed to satisfy these
constraints, and the simplifications become even more significant at
that stage of the analysis.

To formulate the two-point boundary-value problem, two addi-
tional terminal constraints are required. These additional constraints
are obtained using the transversality conditions. For the performance
index in Eq. (7), the transversality conditions on the costates can be
expressed as follows:

P(ty) = [k — vi(Kr/Ky) + va(cos 0/Ky R.) + vsC1 R ] - 1y

+ Uy (Hy Cy/|Cs) — 02 (C] C3Hy Cs [1C3[°) + vsR + vam
Q(ty) = (W IR| + vsC1|V]) - 1g + v2(HkCs/|C5))

+U3V— U4(ld X V) (11)
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where
Cr =1, x 1g, Ci=1,x1y
Ci=—1;xCs, Cs = —1,; x C3
Hy = (L —-1,15)/1vI, Hy = (I = 1:13) /IR (12)

The unknown multipliers v; are eliminated by taking projections
of the transversality conditions along 7 and using that 7 is perpen-
dicular to R, V, C;, C3, Cy4, and Cs when the terminal constraint v,
is satisfied. This procedure results in the fifth terminal constraint,

¥s =[|VI/IR|cotd -P+Q]'n =0 (13)

For the last constraint, at any time, any single element of P can be
set to any value, so long as it has the correct sign. This freedom is
because the optimal control is independent of k in Eq. (7). Another
way to view this is to recognize that the optimal solution depends
only on the orientation of P and not on its magnitude. For simplicity,
the first element of the primer vector at the initial time is specified,

Yo =Pi(t)) —1=0 (14)

Choosing P (y) > 0 is valid so long as the optimal solution requires
that the vertical component of the specific force vector (sum of forces
excluding gravity) is positive at the initial time.

When the initial state is assumed to be known, and the initial
costate is unknown, then the preceding set of terminal constraints
provides the six additional boundary conditions needed to define
completely the optimal control solution. For trajectories ending on
an atmospheric coast stage, the abort guidance problem is treated
as a free-time problem. Then, a seventh constraint can be derived
from the condition H (t;) =0,

Y7 =—P'R/IR+Q"V =0 5)
In Eq. (15), the aerodynamic terms in the Hamiltonian have been
ignored. These may be significant if transition to entry guidance
occurs deep within the atmosphere.

The solution process uses a Newton method with a nearly analytic
Jacobian calculation. The information needed for the Jacobian cal-
culation is the gradient of the preceding constraints with respect to
the states and costates at the final time.? The gradients for Egs. (9),
(13), and (14) are as follows:

Wy = [1z, HgCs/|C3|, V + |[VICi1g, =1y x V

—1,; x (JV|/|R])cot6 - P+ Q

—(VI/IRP) cotd - PT 1z, 031]"
Wy = [—(Kz/Kv)ly, (HyCs/|C3]) — C; CsHy Cs [ 1G5

4+ (cos0/Ky R,)1y
R +IR|C i1y, n, (P"nly /IR]) cot6 — [V|/KyR, sin29,03x1]T
‘I’Q = [03><4v77»03><1]T

Cp =034, (IVI/IRI cotd -1, 0511" 16)

The gradient of the Hamiltonian at final time with respect to the
states and costates is defined using

U =[R", VT, PT,0"] (17)
Then
H, = {[~P/IRF + GP'R/IR)1:]". Q. [-R/IRF'T". V")

18

Fig. 3 Optimal control
within the atmosphere.

Optimal Control and Feasibility of Singular Arcs

For burn arcs in a vacuum, the control optimality condition re-
duces to 1, =1p, which is a well-known result in the classical lit-
erature stating that the propulsive force should be aligned with the
primer vector. For the atmospheric part of the trajectory, the control
dependent part of the Hamiltonian can be expressed as

H(1,) = (IP|/m)[(T — A) 1,1, + N - 1}1,] + e"C(V. R, )
(19)

where both A and N depend on 1, through the explicit dependence
on «. With reference to Fig. 3, the inner products in Eq. (19) can be
replaced by the expressions

171, = cos s, 171, =sin$ (20)
where o = ¢ — 6.

Therefore, the control optimality condition reduces to maximiz-
ing Eq. (19) with respect to « or §. A unique maximum occurs when
the body axis lies in the plane defined by the primer vector and
the velocity vector relative to the atmosphere and is oriented in this
plane such that the net force vector (aerodynamic plus propulsive)
is nearly aligned with the primer vector. The expressions used to
compute 1, have been previously reported.’

When optimal rocket trajectories that include throttling, or thrust
control, are dealt with a switching function is used to determine
the optimal thrust control policy. The switching function behavior
for most of the rocket trajectories generated in this study (nominal
ascents and aborts), indicates that using maximum thrust all along
the trajectory is not optimal, and either a coast arc or singular arc, or
both, should be inserted. In this section, the possibility of a singular
arcis examined. Although it has previously been shown that singular
arcs are not optimal in a vacuum,”!? no references were found in
the literature that exclude the possibility of singular arcs within the
atmosphere. A proof that such arcs are not feasible is provided here.

The control variables are represented by the orientation of the
body/thrust axis 1, and the vacuum thrust 7,.. These control vari-
ables are coupled by the optimality condition that the Hamiltonian
is maximized with respect to 1,, equivalently represented by the an-
gle 6 in Fig. 3. The optimality condition requires that the net force
vector is nearly aligned with the primer vector 1p, unless a limit on
o [or ga or N («)] is encountered, in which case the solution lies on
the limit.

Theorem: Consider the optimal control problem formulation con-
sisting of the dynamics given in Eqs. (1-3) and the performance
index given in Eq. (7), subject to a set of control-dependent path
constraints. If the vehicle is constrained to fly with positive angle of
attack, then singular arcs are not feasible.

Proof: Along an optimal ascent trajectory for which the final time
is open, the Hamiltonian can be expressed as

H=S8Tu +L+e'C(V,R, ) 3]

where

S = (|P|cos8/m) — (An/ce)

L= |PI{[~A — Acpa(R)/m]cos 8 + (N /m)sin§

— (W/IRPH1;R} + 0"V (22)
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The constraint terms in Eq. (21) are zero regardless of whether or
not the constraint is active. The quantity S is known as the switch-
ing function. When S > 0, the throttle setting should be maximum,
Tyac = Tyae, and when S < 0, the throttle should be at a minimum set-
ting, Ty, =T . > 0. Singular arcs are characterized by intermediate
throttle settings, along which the solution satisfies

S@E) =0 (23)
When Egs. (21) and (23) are combined, it follows that
L) =0 24)

along a singular arc. [using Eq. (24) instead of Eq. (23) avoids the
need to calculate the mass costate 1,, in Eq. (21).] Because body
attitude is a control variable, the optimality condition for 1, also must
be satisfied. This first-order necessary condition can be expressed
as

o0H oN .
_:|P| _Tvac+Ae‘pa(R)+A_— -siné
a4 o
A d
+{N+—]) coss|+—=("C)=0 (25)
o 06

The last term in Eq. (25) is zero when none of the constraints are
active. Along a singular arc, the conditions in Eqgs. (24) and (25)
determine the control variables 7,. and 1, and maintain the station-
ary condition [S(¢) =0] along the arc. This is represented by the
following implied relations:

S@6)=0= L) =0= 4

Hy(Tue, 8) = 0 = 8" (Tyu0) } 7 Toe () (29)
where Ty, and &, are the control solution along a singular arc and
8" (Tyyc) 1s the solution obtained using the optimality condition in
Eq. (25) for any value of T\, > 0. In vacuum, §*(7y,.) =0 when
Tyae > 0.

A singular arc is feasible if and only if T . < Tyy, (85) < Toue for
a finite period of time. From the form of Eq. (25), this implies that
along a singular arc, Hs(Tyyc, 65) < O for all Ty, > Ty, - Because we
are maximizing H, this means that §; > 6*(7,,.), as shown in Fig. 4.

Figure 4 shows the situation in which there are no active con-
straints. When a constraint is active, the values of 6* and & shift
to the right. Note from Fig. 3 that § = ¢ — «, where ¢ is held con-
stant when applying the optimality condition. Therefore, when a
constraint is active, it follows that « =« < «*, which corresponds
to § =8 > §*. It can be seen from Eq. (25) and Fig. 3 that 6*(7,,.) is
a monotonically decreasing function of 7,.. Hence, it is impossible
to achieve the condition 8*(7y,,) =8, by decreasing Ty,.. Conse-
quently, singular arcs are not feasible within the atmosphere.

To address the vacuum condition within the setting of the pre-
ceding proof, we examine the expressions in Eq. (26) in the limit
qg — 0. When Eq. (24) is expanded in a Taylor series up to the
second order around § = g = 0,

aL aL 92L

L6, =L(0,0 — | §+ — )
6,9) ( )+aao+aq0q+aqaaoq
2L | 82 3%L 2
|3 T s @7
0 q 0
H(Tvac’s)‘

8 (Tyee) 8,

ac

Fig. 4 Hamiltonian vs 4.

where
[t T T
L0,0)=—|P|-— -1,R \%4
0.0 = =P s 1R +0Q
oL| d’L . 9%L _
as |, 98*|, 9q*|,
oL CuS 3’L |P|
—| =-IP|—= = [cxS —Ca,S] (28
9 |, m dqdé|, m
Solving Eq. (27) for § results in
5= —L0.0~ Ly [ 2L (29)
T T Bqas?

Note that in Eq. (29) § is finite for ¢ — 0 if and only if L(0, 0) =0.
In this case, § approaches some nonzero value, which contradicts
the vacuum optimality condition requiring that § =0 a

Remarks: Equation (1) ignores that a component of thrust normal
to the x-body axis is required for trim. For example, the shuttle’s
main engines are canted, resulting in a significant z-body axis com-
ponent of thrust. However, this approximation does not significantly
impact the preceding analysis. For example, if it is assumed instead
that the component of thrust along the z-body axis is a linear function
of §, the switching function becomes

S = (IP|/m)[cos 8 + (T, + k;8) siné] — (A /c.)  (30)
and Eq. (25) can be expressed as

oH

oN
- =1P| _Tvac(l_k7)+Ae'pa(R)+A__ sin g
aé do

A 3
+|N+T,+kS5+—)cosé |+ —(C)=0 3D
da Bl

It can be seen from Eq. (31) that the arguments leading to the con-
clusion that singular arcs are not feasible remain valid so long as
k, < 1. The shuttle is also flown at negative «, which violates the
main assumption in the theorem. However, the arguments leading to
the conclusion that singular arcs are not feasible could just as easily
been phrased with the assumption « < 0. Finally, if a constraint (or
a combination of constraints) together with the optimality condition
imposes a limit on 7y,., then the potentially singular control can be
viewed as having been eliminated by the constraint. For example, if
an axial acceleration limit is active, then Ty, = m-amay. If a purely
state-dependent constraint is active, then the constraint is differen-
tiated with respect to time until one or a combination of the control
variables appears, and one of the control variables may be viewed as
having been eliminated by the constraint. For example, if a dynamic
pressure constraint is active, both 7., and « (respectively, §) appear
in the first derivative, so that the constraint can be used to eliminate
Tyac as a control variable, and the problem becomes regular with
respect to 1.

It can be concluded from the theorem and the preceding remarks
that singular arcs are not feasible both within the atmosphere and in
vacuum for virtually every circumstance that might be encountered
in any practical application. Therefore, if the switching function
behavior indicates that using maximum thrust is not optimal, it fol-
lows that the solutions should be optimized with respect to throttle
control by adding one or more coast arcs.

Path Constraints

The axial acceleration limit is approximated” by the condition
Tyac/M < Gpay. This assumes that thrust is always dominant over
other specific forces, which is perfectly valid outside the atmosphere.
Within the atmosphere, it is a conservative approximation and as-
sures that axial acceleration asymptotically approaches its limit as
the vehicle exits the atmosphere. The axial acceleration limit is en-
forced in the optimization process by regulating the mass flow.
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The necessary conditions for enforcing angle of attack and ¢ - «
limits are summarized in this section. The angle-of-attack limit is
modeled as a function of dynamic pressure, so that it can be increased
for very low ranges of g to enhance fuel depletion and thrust ma-
neuvering in the upper atmosphere. Angle of attack is treated as
a nonnegative quantity in the optimization algorithm under the as-
sumption that the vehicle can be rolled to ensure that this condition
is always satisfied. The alpha limit is expressed as

lo| < amax(q) (32)

When the optimality condition ignoring the limit seeks a solution
for a beyond the limit, « is set equal to the limit, and the associated
constraint multiplier ¢, is determined from the condition

_0H

Hy="" t6,=0 (33)

B
where H is the expression for the Hamiltonian without adjoining

the constraint term. The corresponding expressions for the costate
derivatives along a constraint arc are

oH 3[0[ _amax(q)]

p=-20
A% A%
; oH 8[a _amax(q)]
=27 00T Amadd)] 4
0 aR e R (34)

Note that it is necessary to eliminate both & and o« (¢) in Eq. (34)
because the actual control variable in this formulation is body atti-
tude and not «.

The g-dependent « limit is modeled as a constant for ¢ > 50 psf
and then is allowed to linearly increase up to 90 deg for the range
50 > g > 3 psf. For values ¢ <3 psf,the vacuum optimality con-
dition using Hy is applied to determine the optimal body attitude
without a limit on «.

The g - o limit is implemented in a manner identical to that de-
scribed for the « limit. The only difference lies in that when enforc-
ing both constraints it is necessary to determine the active constraint
as the one that results in the lower limit on «. The corresponding
expressions needed to compute the constraint multiplier £, and the
costate derivatives when the ¢ - « limit is active are

aH . aH A(ga)

H =224 g=0. P= LL4% (35
o a4 ov fe gy 9
. H 3
. (qo) (36)
IR IR

The g - o limit leads to convergence problems in some of the abort
cases. This problem was addressed by first obtaining the solution
without this limit enforced and then enforcing the limit.

Numerical Results

To evaluate the performance of the hybrid approach in optimiz-
ing abort trajectories, two different abort scenarios are presented.
First, solutions for aborts to TAEM points downrange from the abort
condition are shown. Then solutions for an abort resulting in a turn
back to the launch longitude are shown. In these results, a fuel pump
failure leading to a 30% loss of thrust is modeled. The failure occurs
at a point in the nominal ascent profile corresponding to maximum
dynamic pressure. After the failure, maximum available thrust is
used until the fuel is consumed.

The trajectories are displayed in the launch frame, which is an up—
east—north Earth-centered frame, with the up axis passing through
the launch site. The nominal ascent profile (100-nmile circular orbit,
no failure) is shown as a solid line in all of the results as a point of ref-
erence. The ¢ - o limit is set to 2500 Ib - deg/ft>. The g-independent
part of the o limit is set to 28 deg. The o and ¢ - ¢ boundaries
are shown in Fig. 5. The dashed line indicates a g-dependent lin-
ear increase of the « limit until the vacuum optimality condition
is used, where no limit is applied. This was introduced to allow
greater propulsive maneuvering in regions where the dynamic pres-
sure is very low. Axial acceleration is constrained to 3 g. As shown
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Fig. 6 Aborts to downrange TAEM points.

herein, t+ =0 corresponds to the failure time. The structure of the
abort maneuver after failure, in the sense of the number and times
of boost and coast phases, depends on the TAEM point. The vehicle
trajectory from the entry point up to the TAEM point is defined by
a separate guidance algorithm."

Figure 6 shows a set of abort trajectories for a range of TAEM
points (each designated by an asterisk) downrange from the abort
condition. The end of the abort trajectory, consisting of a boost
phase followed by an atmospheric coast phase, is marked by plus
symbols. The o limit is active for the cases with the largest cross
range. The jumps in the angle-of-attack profiles occur at the start of
the atmospheric coast stage. This is due to the discontinuity in thrust.
From the altitude plot (Fig. 6b), it can be seen that aborts to the more
downrange TAEM points reach higher altitudes than the aborts to the
cross range points. Figure 7 shows the orbital conditions at the end
of the abort trajectories and the duration of the atmospheric coast
stages. The boost arc ends at 343.52 s in all of the abort cases due to
the constraint on final mass. Figure 7a shows that most of the abort
cases terminate near perigee, indicating that it is possible for the
vehicle to attain an elliptical, or even slightly lower energy circular,
orbit condition. Case number 0 in these results corresponds to the
nominal ascent trajectory, and case number 10 is the abort trajectory
with the largest negative cross range. Note from Fig. 8 that most of
the abort trajectories, except for the last two cases, arrive at the
terminal constraint set with excessive energy. [Dashed line is the
linear fit of entry data as defined by Eq. (8).]
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Fig. 7 Orbital parameters at end of the ascent for downrange aborts.
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There are a variety of approaches to avoid the problem of arriving
at the terminal set with excessive energy. One is to burn less fuel
during ascent and after entry dump the remaining amount. A second
would be to turn off one of the operating engines while continuing
to pump fuel through that engine. A third would be to delay the start
of the abort trajectory. Solutions using these options attach to the
entry trajectory at more reasonable energy values.'*

For aborts forcing a return to the launch longitude, the depletion of
energy during the initial turn prevents the vehicle from reaching the
entry condition with excessive energy. Figure 9 shows solutions for
a set of TAEM points located at the launch longitude. Both the ¢ - o
and the « limits are active for portions of some of these solutions.
Figure 10 shows that aborts to TAEM points farther away from the
launch site contain atmospheric coast stages, but the last three cases
do not. Also note that all of these cases end close to apogee and that
there is a significant depletion of energy as the TAEM point is moved
closer to the launch latitude. This loss of energy forces the vehicle
to attach farther along the entry guidance path, as shown in Fig 11.
Aborts to TAEM points close to the launch site are characterized by
the use of large angles of attack, indicating a preference to pull up
out of the atmosphere, where thrusting perpendicular to the velocity
vector is used to accomplish the maneuver.

Attempts to find an abort solution to a TAEM point located closer
to the launch site failed due to excessive loss in energy. Also, in
the abort to down range cases, it was not possible to increase cross
range beyond case 10 in Fig. 6. However, because entry guidance
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Fig. 10 Orbital parameters at end of ascent for return to launch lon-
gitude aborts.
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Fig. 11 Attachment to entry trajectory for return to launch longitude
aborts.

can be used to perform a portion of the out-of-plane maneuvering,
it may be possible to reach TAEM points located beyond this range
of values.

The switching function for all of the downrange abort solutions,
and for the nominal ascent trajectory, indicates that using maxi-
mum thrust in the abort is not an optimal strategy, especially for
the more downrange cases. This suggests that examining a boost—
coast-boost—coast solution would result in a solution with better
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Fig. 13 Once-around abort trajectory.

performance. However, for aborts this would only be advisable if it
is not possible to attain the terminal constraint set with a reasonable
amount of energy. For nominal ascent, insertion of an optimized
coast arc resulted in a fuel savings of 3022 1b. The resulting altitude
profiles are shown in Fig. 12. In this case, only the boost time is
shown on the horizontal axis.

The hybrid optimization method was also used to investigate the
possibility of flying a once-around trajectory. A typical result is
shown in Fig. 13. Note that these trajectories involve multiple skip-
ping in and out of the atmosphere. This shows the usefulness of
modeling atmospheric coast arcs, which are necessary to obtain a
result of this type.

Convergence problems were experienced for the fixed-point it-
erative method used in the code to treat the collocation variables.
This iteration is performed until the collocation values match the
values calculated along the last computed trajectory. In many cases,
particularly those involving turning back toward the launch longi-
tude (significant aerodynamic maneuvering), it was necessary to
relax the convergence criterion. At this point, it appears to be a
major technical barrier to the methodology employed in the hybrid
method. A detailed analysis has been carried out.'* It is anticipated
that when the guidance algorithm is implemented in closed form in
an abort simulation this issue will not be as serious a problem as it

first appears because the aerodynamic forces greatly decrease once
the initial heading change is completed.

Conclusions

Modifications and extensions to a previously developed hybrid
algorithm for future launch vehicle ascent trajectory optimization
have been described. These changes allow for the generation of
abort trajectories. A suitable terminal constraint set defining the
entry conditions for the abort case has been derived. Transition to
entry guidance is accomplished by attaching tangentially to the en-
try trajectory. It was found that aborts to downrange TAEM points
arrive at the entry interface with excessive energy. Approaches to
avoid this problem include delaying the start of the abort, leading to
more reasonable energy levels. For aborts to launch longitude, there
is a significant depletion of energy, depending on the entry guid-
ance employed to reach these TAEM points. For nominal ascent
and downrange aborts, a boost—coast—boost—coast solution results
in significant fuel savings. A proof is provided that singular arcs are
not feasible both in vacuum and during the atmospheric portion of
the ascent.
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